Given a one-dimensional homology class in a lens space, a question related to the Berge conjecture on lens space surgeries is to determine all knots realizing the minimal rational genus of all knots in this homology class. It is known that simple knots are rational genus minimizers. In this paper, we construct many non-simple genus minimizers. This negatively answers a question of Rasmussen.
Introduction
Heegaard Floer homology, introduced by Ozsváth and Szabó [14] , has been very successful in the study of low-dimensional topology. One important property of Heegaard Floer homology is that it detects Thurston norm of 3-manifolds [16] . For a closed oriented 3-manifold Y , its Thurston norm is always zero on the torsion subgroup of H 1 (Y ; Z). However, there is another kind of "norm" function we can define on the torsion subgroup of H 1 (Y ; Z). To define it, let us first recall the rational genus of a rationally null-homologous knot K ⊂ Y defined by Calegari and Gordon [6] .
Suppose that K is a rationally null-homologous oriented knot in Y , and ν(K) is a tubular neighborhood of K. A properly embedded, oriented, connected surface F ⊂ Y \ • ν(K) is called a rational Seifert surface for K if ∂F consists of coherently oriented parallel curves on ∂ν(K) and the orientation of ∂F is coherent with the orientation of K. The rational genus of K is defined to be g r (K) = min
where F runs over all the rational Seifert surfaces for K and µ ⊂ ∂ν(K) is the meridian of K.
The rational genus is a natural generalization of the genus of null-homologous knots. Moreover, given a torsion class in H 1 (Y ), we can consider the minimal rational genus over all knots in this torsion class. More precisely, given a ∈ TorsH 1 (Y ), let Θ(a) = min
This function Θ was introduced by Turaev [24] in a slightly different form. Turaev regarded Θ as an analogue of Thurston norm [22] , in the sense that it measures the minimal normalized Euler characteristic of a "folded surface" representing a given class in H 2 (Y ; Q/Z).
Recall that a rational homology 3-sphere Y is an L-space if rank HF (Y ) = |H 1 (Y ; Z)|. A rationally null-homologous knot K in a 3-manifold Y is Floer simple if rank HF K(Y, K) = rank HF (Y ). In [12] , it is shown that Floer simple knots in L-spaces have the smallest rational genus among all knots in the same homology class.
An important class of L-spaces is lens spaces. Hedden [8] and Rasmussen [18] observed that for any one-dimensional homology class in a lens space, there exists a knot in this homology class which is Floer simple. Let U 1 ∪U 2 be a genus one Heegaard splitting of a lens space L(p, q), and let D 1 , D 2 be meridian disks in U 1 , U 2 such that ∂D 1 ∩ ∂D 2 consists of exactly p points. A knot in L(p, q) is called simple if it is either the unknot or the union of two arcs γ 1 ⊂ D 1 and γ 2 ⊂ D 2 . Up to isotopy there is exactly one simple knot in each homology class, and every simple knot is Floer simple. Hence simple knots in lens spaces are genus minimizers in their homology classes, which answers a question of Rasmussen [18] affirmatively.
Rasmussen [18] also asked whether simple knots are the unique genus minimizers in their homology classes, and if they are not, what the genus minimizers are. Baker [2] showed that if the rational genus of a knot in L(p, q) is less than 1 4 , and the minimal rational Seifert surface has only one boundary component, then the knot is a one-bridge knot. In this paper, we answer Rasmussen's question negatively in some cases, and in a very strong sense. Theorem 1.1. There exist infinitely many triples (p, q, a) such that the simple knot is not the unique genus minimizer in the homology class a ∈ H 1 (L(p, q)). Moreover, there exist infinitely many triples (p, q, a) such that there exist infinitely many non-isotopic genus minimizers in the homology class a ∈ H 1 (L(p, q)).
Baker gave an independent proof of Theorem 1.1 using the methods of [4] after learning about some of our examples [1] . Figure 1 displays the "simplest" non-simple genus minimizer we found. The knot K 0 is the (1, 2)-cable of the (1, 2)-torus knot in L(8, 1). The simple knot in this homology class is the (1, 4)-torus knot. These two knots are not isotopic because their complements are not homeomorphic. The knot K 0 recurs throughout the various classes of examples that we study.
The examples we construct all have large rational genus, and they do not appear to be Floer simple knots. For instance, K 0 has rational genus we confirmed that it is not Floer simple. It is possible that simple knots with small rational genus are the unique genus minimizers in their homology classes. For example, this could be the case for knots with rational genus less than 1 2 , which include the dual Berge knots [8, 18] . It is also possible that simple knots are the only Floer simple knots in lens spaces.
The lens space L(2k, q) contains a (geometrically) incompressible closed surface Π, which is necessarily nonorientable. Rubinstein [19] proved that Π is unique up to isotopy, and its genus N (2k, q) can be computed by [5] (see also the end of Section 3). Recently, Johnson [10] proved that any nonorientable surface in L(2k, q) with a given genus ≥ N (2k, q) is unique up to isotopy. Rubinstein's result characterizes the genus-minimizing knots in the homology class k ∈ H 1 (L(2k, q)). Theorem 1.2. In the lens space L(2k, q), a knot K in the homology class k is a genus minimizer if and only if K is isotopic to a curve C on the incompressible surface Π in L(2k, q) so that Π−C is orientable. In particular, there is a unique genus minimizer in this homology class if N (2k, q) ≤ 3, i.e., Θ(k) ≤ . By contrast, the smallest pair (2k, q) for which N (2k, q) ≥ 4 is (8, 1), in which case we have remarked that the knot K 0 ⊂ L(8, 1) is a non-simple genus minimizer.
The paper is organized as follows. In Section 2, we construct a family of non-simple rational genus minimizers via the cabling construction. In Section 3, we describe all the rational genus minimizers in order 2 homology classes. In Section 4, we get more examples (most of them hyperbolic) by stabilizing the example in Figure 1 . In Section 5, we show that some order 2 homology classes contain infinitely many non-isotopic genus minimizers by using the annulus twist construction [13] .
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Examples of cable knots
From now on we assume that p > q ≥ 1 and gcd(p, q) = 1. We choose the following presentation for the lens space L(p, q). Take a positive Hopf link
Definition 2.1. We recall the definition of simple knots from [18] . Let (T 2 , α, β) be a genus one Heegaard diagram for L(p, q), where α is the meridian of U 1 , β is the meridian of U 2 , and |α ∩ β| = p. Orient α so that its linking number with L 1 is positive. Let A ⊂ U 1 be the meridian disk bounded by α and B ⊂ U 2 be the meridian disk bounded by β. Pick an intersection point x 0 ∈ α ∩ β and label the remaining intersection points by x 1 , . . . , x p−1 in order of their appearance around α, using the orientation on α. For each a ∈ {1, . . . , p − 1}, the simple knot K(p, q, a) is the oriented knot that is the union of an arc joining x 0 to x a in A with an arc joining x a to x 0 in B. Note that the isotopy type of K(p, q, a) is independent of the choice of x 0 , due to the symmetry of the Heegaard diagram.
by requiring qϕ q (a) ≡ a (mod p). Then the knot K(p, q, a) represents the homology class ϕ q (a). In fact, if we push K(p, q, a) into U 1 , we get an index-ϕ q (a) closed braid in U 1 . Definition 2.2. For a simple, closed, essential curve on T , we define its slope r s ∈ Q ∪ {∞} with respect to the canonical longitude of L 1 . This curve is then called the (r, s)-torus knot in L(p, q).
In general, for any knot K ⊂ U 1 , there is a canonical longitude of K which is null-homologous in
As usual in Dehn surgery, we parametrize the set of slopes on K by Q ∪ {∞} so that the canonical longitude is 0.
Proof. As in Definition 2.1, K(p, q, qk) is the union of two arcs. We can push these two arcs into the Heegaard torus T 2 such that one arc is contained in α and the other arc is contained in β. When k < p/q + 1, the two arcs can be chosen so that their interiors are disjoint on T 2 . So K(p, q, qk) is a torus knot, and it is straightforward to see that it is the (1, k)-torus knot.
The following lemma is elementary.
Lemma 2.4. Suppose K ⊂ U 1 is a knot with winding number w. Let µ ⊂ ∂ν(K) be the meridian of K, λ ⊂ ∂ν(K) the canonical longitude of K, and
the map induced by the inclusion. Then ker ι * is generated by (
.
Since gcd(w, p) = d, there exists a pair of integers r, s such that rw + sp = d. We multiply the above matrix on the left by
to get a new presentation matrix
The conclusion follows from this presentation matrix.
Definition 2.5. Given a compact surface F , define its norm
where the sum is taken over all components F i of F . Given A ∈ H 2 (M, ∂M ) for a 3-manifold M , the Thurston norm of A is defined to be
The Thurston norm of a graph manifold is easily determined by the following lemma.
Lemma 2.6. Suppose that M is a graph manifold with JSJ pieces M 1 , . . . , M n . Suppose that each M i has an oriented Seifert fibration over an oriented orbifold B i of orbifold Euler characteristic χ orb (B i ) < 0, and C i ⊂ M i is a regular fiber. Given a homology class A ∈ H 2 (M ), we have Proof. Let F be a (possibly disconnected) Thurston norm-minimizing surface that represents A. We may isotope F such that each F i = F ∩ M i is an incompressible surface. It follows from the classification of incompressible surfaces in Seifert fibered spaces that F i consists of vertical annuli and tori if [
and F i is the fiber of a fibration of
If F i consists of vertical annuli and tori, then F i has no contribution to the norm of F . If F i is the fiber of a fibration, then F i is isotopic to a surface transverse to all Seifert fibers of M i . Then the Seifert fibration
for each i, then each M i has a fibration over S 1 . Gluing these fibrations for all i together, we get a fibration of M over S 1 whose fiber is F .
Suppose that K ⊂ Y is a knot with a frame λ and meridian µ. Let C ⊂ ∂ν(K) be a simple closed curve which is homologous to
2 n, then the (1, n)-cable of the (1, m)-torus knot is a genus-minimizing knot in the homology class mn. Moreover, if q = m, then this cable knot is not a simple knot.
By Lemma 2.3, K 1 and K 2 are simple knots. Let µ i , λ i be the meridian and longitude on ∂ν(K i ), i = 0, 1, 2.
First, we consider the rational genus of 
Next, we consider the rational genus of
. By Lemma 2.6, the norm of F is
Assuming that p q ≥ m 2 n, (1) equals (2). Since K 2 is a genus minimizer, it follows that K 0 is, as well. If q = m, then the complement of K 1 is not a solid torus, so the complement of K 0 contains an essential torus which is not parallel to the boundary. On the other hand, the complement of K 2 is a Seifert fibered space over D 2 with two singular points. Therefore, K 0 is not isotopic to K 2 , the simple knot in its homology class. 
is a genus-minimizing knot in the homology class m 1 m 2 · · · m k .
Proof. The proof proceeds by induction on k. The argument in the above theorem shows that the corresponding iterated torus knot is a genus minimizer.
Remark 2.9. When p = m 2 n, q = 1, we get
A minimal genus rational Seifert surface for K 0 can be visualized explicitly by Kirby calculus. On the left of Figure 2 , we represent the knot K 0 by a surgery diagram. Here we put two slopes on K 1 . One slope ∞ indicates the surgery slope which gives the ambient manifold, and the other slope 
Here we choose m = 4. On the left and in the middle, K 0 is the (1, n)-cable of K 1 . On the right, K 0 is the meridian of K 1 , and the −n in the box indicates a −n full twist.
Rolfsen twist. The knot L 2 is a torus knot T 1−mn,m , and it has a Seifert surface of genus (mn − 2)(m − 1)/2 that intersects K 1 in m points. This Seifert surface extends to a closed surface in the 0-surgery of T 1−mn,m . Therefore, the knot K 0 , which is the meridian of K 1 , has a rational Seifert surface F with genus (mn − 2)(m − 1)/2 and m boundary components. The rational genus of F is precisely the value calculated above for g r (K 2 ) = g r (K 0 ), so it is a minimal genus rational Seifert surface for K 0 .
Torsion curves on the minimal genus nonorientable surface
Let Π h denote the closed connected nonorientable surface of genus h. Note that
The following lemma about the unique torsion class in H 1 (Π h ) is elementary, and the proof is left to the reader. When the homology class a has order 2, the function Θ is essentially the minimal genus of nonorientable connected surfaces in a given homology class. 
On the other hand, if a is in the image of β, then the order of a is 2. Let K be a knot representing a such that g r (K) = Θ(a), and let F be a minimal genus rational Seifert surface for K. Proof of Theorem 1.2. If K is a genus minimizer, the proof of Theorem 3.3 shows that K lies on a surface F such that F is a minimal genus, closed, nonorientable surface. Rubinstein's result implies that F is the unique incompressible surface Π in L(2k, q) [19, Theorem 12] . The proof of Theorem 3.3 also implies that any torsion curve on Π is a genus minimizer in the homology class k.
When the genus N (2k, q) of Π is at most 3, there is a unique (up to isotopy in Π) torsion curve on Π [21, Lemma 2.1], so there is a unique genus minimizer in the homology class k.
We record the following construction for the unique incompressible surface Π ⊂ L(2k, q), which has been independently noted by others [1, 20] . Let S(2k, q) denote the two-bridge link with branched double-cover L(2k, q). Put S(2k, q) in alternating two-bridge position, let D denote the disk bounded by one of the link components in the projection plane, and perturb the other component to meet D transversely. Then the preimage of D under the branched covering map L(2k, q) → S 3 is the surface Π. It is straightforward to verify that the resulting surface Π is non-orientable, and furthermore that its genus equals N (2k, q) (for example, by using the formula for this value that appears in [5, Theorem 6.1]).
Stabilizations
More examples of genus minimizers can be constructed by stabilizing the cable examples in Section 2. For simplicity, we only consider a special case.
We keep the notation from the first paragraph of Section 2. 2) • L 1 be a knot in U 1 . Let γ be a small unknot about the "bottom-left" crossing between K 0 and L 2 , as in Figure 3 . We orient K 0 , L 2 , and γ so that the linking number between any two of them is positive. For any integer k > 0, (− 
There is another way to view the link K 0 ∪ L 2 ∪ γ. On the left of Figure 4 , we draw K 0 as a curve on a genus 4 once-punctured non-orientable surface Π 4,1 ⊂ U 1 . On the right of Figure 4 , an additional knot γ ⊂ U 1 is added to the picture of K 0 ∪ L 2 . This 3-component link is isotopic to the link in Figure 3 .
The knot K 0 ⊂ S 3 is an unknot. Clearly, it bounds a disk D 0 which intersects L 2 exactly four times and intersects γ exactly once. Let
The knot γ bounds a disk D γ which intersects each of K 0 , L 2 exactly once.
From Figure 4 , we see that the knot γ can be isotoped to intersect Π 4,1 exactly once. Let F = Π 4,1 ∩ M . Then F is a genus one surface with four boundary components and χ − (F ) = 4. We have
Given relatively prime positive integers p, q with p q ≥ 2(k + 4), consider the homology class
which can be represented by an embedded surface F k with
We have
The effect of the (− q -surgery on L 2 , we get a knot
The surface F k has k + 4 boundary components on ∂ν(L 2 ) and p − q(k + 4) boundary components on ∂ν(γ). After capping off these boundary components, we get a rational Seifert surface
and the winding number of ∂ F k on ν(K k ) is p.
On the other hand, similarly to (1), the torus knot T (1, k + 4) ⊂ L(p, q) has a rational Seifert surface which is a fiber of the fibration on L(p, q) − T (1, k) with norm
and the winding number of its boundary on ν(T (1, k + 4)) is p. Moreover, by Lemma 2.3, T (1, k + 4) is a simple knot, so it is genus-minimizing. Hence K k is also genus-minimizing. This finishes the proof of the following proposition.
is a genus minimizer in the homology class k + 4.
Using SnapPy [7] , we check that M is a hyperbolic manifold. By the hyperbolic Dehn surgery theorem [23] , K k is a hyperbolic knot in L(p, q) for a generic triple (p, q, k). Therefore, K k is generally not isotopic to T (1, k + 4).
Infinitely many homologous genus minimizers
In this section, we establish the second statement in Theorem 1.1 by studying the knots that arise from torsion curves on the unique incompressible surface Π ⊂ L(2k, 1).
We begin by recalling Osoinach's annulus twist construction [13] . Let Y be a closed, oriented 3-manifold and A ⊂ Y an embedded annulus with boundary ∂A = α 0 ∪ α 1 . The boundary component α i has a meridian µ i ⊂ ∂ν(α i ) and a parallel push-off λ i = ∂ν(α i )∩A, and we orient these curves so that µ i ·λ i = +1. Osoinach observes that surgery on the link α 0 ∪α 1 ⊂ Y , with framing µ i + (−1) i n λ i on α i , results in a 3-manifold Y n homeomorphic to Y for all n ∈ Z. In fact, the homeomorphism Y n ∼ = Y can be taken to be the identity outside of a regular neighborhood of A. We refer to this homeomorphism as the result of doing n twists along A. Now suppose that Π ⊂ Y is a closed, embedded surface and α ⊂ Π an embedded curve with an orientable (that is, annular) regular neighborhood N ⊂ Π. Then N is co-orientable, and we can push α off of N in the two normal directions to obtain a pair of oriented curves that cobound an annulus A meeting Π precisely in α. We can therefore use A to perform the annulus twist construction. An annular twist of Y along A takes Π to itself, and restricting the homeomorphism to Π has the effect of doing a Dehn twist along α.
We apply this construction in the following way. Take a disk D ⊂ S 3 and attach k = a+b+2 positive half-twisted bands to its boundary, where a, b ∈ Z + . The result is a non-orientable surface F ⊂ S 3 such that b 1 (F ) = k, ∂F is an unknot, and F induces the framing 2k on ∂F . Choose a curve γ ⊂ F that runs once across each half-twisted band and a curve α ⊂ F that runs once across each of two of the bands that are a + 1 apart and zero times across every other band. Note that γ is uniquely determined up to isotopy within F and so is α once we fix the specific pair of bands that it crosses. We position α and γ so that they intersect minimally; since a, b ≥ 1, they meet in two points. See Figure 5 . The lens space L(2k, 1) results from 2k-surgery along ∂F , and we obtain the unique incompressible surface Π k ⊂ L(2k, 1) by gluing F to a meridional disk in the surgery solid torus. We identify γ and α with the induced curves on Π k . Observe that γ is a torsion curve in Π k and that a regular neighborhood of α in Π k is orientable. Apply the annulus twist construction as above. The image of the curve γ under n twists along A is a knot K(a, b, n) ⊂ L(2k, 1). Equivalently, K(a, b, n) is the image of γ ⊂ Π k following n Dehn twists of Π k along α. Note that from the symmetry of the construction, K(a, b, n) is uniquely determined up to isotopy; that is, it does not depend on the specific pair of bands at distance a + 1 that α crosses.
Theorem 5.1. For all a, b ∈ Z + , n ∈ Z, k = a + b + 2, the knots K(a, b, n) are genus minimizers in the homology class k ∈ H 1 (L (2k, 1) ). For fixed a, b 0, the knots K(a, b, n) represent infinitely many distinct hyperbolic knot types in L(2k, 1).
In order to prove the second statement in Theorem 5.1, we rely on a version of the hyperbolic Dehn surgery theorem due to Neumann and Zagier [11] . To state it, let M be a hyperbolic manifold with cusps γ 1 , . . . , γ n , and choose a framing (µ i , λ i ) for each γ i . Let M ((p 1 , q 1 ) , . . . , (p n , q n )) be the result of Dehn filling cusp γ i by p i µ i + q i λ i for i = 1, . . . , n, where p i , q i are a pair of coprime integers; if no filling is done along γ i , then replace the pair by the symbol ∞.
Theorem 5.2. The manifold M ((p 1 , q 1 ) , . . . , (p n , q n )) is hyperbolic for min{p
Its volume is strictly less than that of M if at least one cusp gets filled, and as min{p ((p 1 , q 1 ) , . . . , (p n , q n )) tends to that of M .
Proof of Theorem 5.1. Since γ ⊂ Π is a torsion curve and a Dehn twist of Π along α is a homeomorphism of Π, the image of γ under iterated Dehn twists along α is again a torsion curve on Π. Therefore, the first assertion in the theorem follows from Theorem 1.2.
To establish the second part, we first describe the knot K(a, b, n) using Kirby calculus. We push α off in the two normal directions to obtain curves α i which we frame by µ i + (−1) i nλ i , i = 0, 1, in order to apply the annulus twist construction described above. We then replace the a full twists between ∂F and γ by a (− Let L ⊂ S 3 be the unframed link appearing in Figure 6 and M its comple-ment. Label its components γ 1 , . . . , γ 6 so that the surgered manifold has the description M ((−1, a) , (−1, b), (k + 2, 1), (n − 1, n), (n + 1, n), ∞). Let form a strictly increasing sequence in i with limiting value equal to the volume of M a,b . In particular, all these manifolds are distinct, which is to say that the knots K(a, b, n i ) ⊂ L(2k, 1) are distinguished by their complements. This concludes the proof of the theorem.
For fixed values a, b, we may use SnapPy to verify that M a,b is hyperbolic. This is the case, for instance, for a = 1 and 3 ≤ b ≤ 10. (For b = 1, 2, SnapPy was inconclusive.) It follows that the knots K(1, k − 3, n) represent infinitely many distinct genus minimizers in the homology class k ∈ L(2k, 1) for 6 ≤ k ≤ 13. Presumably this is the case for all k ≥ 4. Lastly, we note that the simplest interesting example given by this construction is K (1, 1, 1) , which is the knot K 0 of Figure 1 .
